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A B S T R A C T

Condensed Kannan-type contraction has recently been introduced to investigate the properties of nonlinear operators in classical
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1. INTRODUCTION
Since Banach’s contribution [1] to contraction mapping in clas-
sical metric spaces, the underlying metric framework has under-
gone extensive generalization to accommodate richer geomet-
ric structures and broader applications. In particular, the stan-
dard triangle inequality, while fundamental, can be restrictive in
certain analytical settings. To address this limitation, alterna-
tive structures such as b-metric spaces and partial metric spaces
were introduced by Czerwik [2] and Matthews [3], respectively.
These frameworks allow more flexible distance functions and
have proven useful in extending fixed point theory to more gen-
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eralized contexts. Subsequently, numerous extensions and re-
finements have been developed to investigate the existence and
uniqueness of fixed points for increasingly robust classes of oper-
ators. For example, Chi et al. [4] examined classical contraction
mappings within partial metric spaces, although their analysis
did not fully address convergence rates. Later, Karapınar et al.
[5] established fixed point results in quasi-partial metric spaces,
demonstrating improved convergence behavior compared to the
standard partial metric setting. This line of development was fur-
ther extended to partial b-metric spaces [6], thereby combining
the advantages of both generalizations. For several other notable
contributions that have broadened both the theoretical founda-
tions and applicability of generalized metric structures, see [7–
10]. Parallel to the evolution of metric frameworks, significant
attention has also been given to the generalization of contractive
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conditions. A notable breakthrough in this directionwasmade by
Kannan [11], who introduced a class of non-continuous contrac-
tive mappings that still guarantee the existence of a unique fixed
point in standard metric spaces. This concept has since been
extended in various directions, including investigations into the
interpolative Kannan-type map for approximating non-unique
fixed point problems [12] and other generalized contractive maps
[13–16]. In particular, recent works [17–19] have introduced
condensed Kannan-type mappings, which impose dual bounding
conditions to ensure existence of fixed points, thereby refining
and strengthening classical Kannan-type results.
Another important development in fixed point theory is the no-

tion of cyclical contractions, introduced by Kirk [20]. This ap-
proach considers mappings defined on unions of subsets and has
proven effective in establishing fixed point results under cyclic
conditions. The versatility and applicability of this concept have
been demonstrated through various examples and further gener-
alizations in recent studies such as [21–23].
Motivated by these developments [6, 16, 20, 23], the present

paper introduces a novel framework that integrates condensed
Kannan-type contractions with cyclic mappings in the setting of
quasi-partial b-metric spaces. The novelty of this work lies in
the simultaneous incorporation of: (i) a more flexible geomet-
ric structure, (ii) a strengthened contractive condition, and (iii) a
cyclic mapping scheme.
This combined approach generalizes several existing results

in the literature but also provides improved conditions for the
existence of fixed points and potentially enhances convergence
behavior. Consequently, the results presented herein contribute
a unified and more robust framework for analyzing nonlinear op-
erators in generalized metric spaces. The following definitions
and results are useful in this paper.

Definition 1.1 ([6]). Let M be a nonempty set. A quasi-partial
b-metric is a function qpb : M ×M → R+ such that for s ≥ 1 and
for all ρ, ϱ, δ ∈ M :

� qpb1: qpb(ρ, ρ) = qpb(ρ, ϱ) = qpb(ϱ, ϱ)⇔ ρ = ϱ,

� qpb2: qpb(ρ, ρ) ≤ qpb(ρ, ϱ),

� qpb3: qpb(ρ, ρ) ≤ qpb(ϱ, ρ),

� qpb4: qpb(ρ, ϱ) ≤ s[qpb(ρ, δ) + qpb(δ, ϱ)] − qpb(δ, δ).

A quasi-partial b-metric space is a pair (M , qpb) such thatM is a
nonempty set and qpb is a quasi-partial b-metric on M .
If qpb is a quasi-partial b-metric on M , then qpb(ρ, ϱ) =
qpb(ρ, ϱ) + qpb(ϱ, ρ) − qpb(ρ, ρ) − qpb(ϱ, ϱ) is a b-metric on M .
Also, the space (M , qpb) is a quasi-partial metric on M if s = 1.

Example 1.2. LetM = R. Define the metric qpb(ρ, ϱ) = |ρ−ϱ|+
|ρ| + |ρ − ϱ|2 for any (ρ, ϱ) ∈ M ×M with s ≥ 2, then (M , qpb) is
a quasi-partial b-metric space.

qpb1: If qpb(ρ, ρ) = qpb(ϱ, ϱ) = qpb(ρ, ϱ)⇒ ρ = ϱ is true.
qpb2: Obviously, qpb(ρ, ρ) ≤ qpb(ρ, ϱ).
qpb3: Also, qpb(ρ, ρ) = |ρ| ≤ |ρ − ϱ| + |ϱ| + |ρ − ϱ|2, since

|ρ| − |ϱ| ≤ ||ρ| − |ϱ|| ≤ |ρ − ϱ| ≤ |ρ − ϱ| + |ρ − ϱ|2.

qpb4: For s = 2, we prove that:

qpb(ρ, ϱ) ≤ 2[qpb(ρ, δ) + qpb(δ, ϱ)] − qpb(δ, δ).

That is, since

|ρ − ϱ|2 ≤ (|ρ − δ| + |δ − ϱ|)2 ≤ 2(|ρ − δ|2 + |δ − ϱ|2),

we have

qpb(ρ, ϱ) + qpb(δ, δ) = |ρ − ϱ| + |ρ| + |ρ − ϱ|2 + |δ|
≤ 2
(
|ρ − δ| + |δ − ϱ| + |ρ| + |δ|

+ |ρ − δ|2 + |δ − ϱ|2
)
.

Hence, (X , qpb) is a quasi-partial b-metric space with s = 2.

Definition 1.3 ([9]). Let (M , qpb) be a quasi-partial b-metric.
Then

(i) A sequence {ρn} ⊂ M converges to ρ ∈ M if and only if

qpb(ρ, ρ) = lim
n→∞

qpb(ρ, ρn) = lim
n→∞

qpb(ρn, ρ).

(ii) A sequence {ρn} ⊂ M is called a Cauchy sequence if and
only if

lim
n,m→∞

qpb(ρn, ρm) and lim
m,n→∞

qpb(ρm, ρn) exists.

.

(iii) The space (M , qpb) is said to be complete if every Cauchy
sequence {ρn} ⊂ M converges to a point ρ ∈ M such that

qpb(ρ, ρ) = lim
n,m→∞

qpb(ρn, ρm)

= lim
m,n→∞

qpb(ρm, ρn).

Definition 1.4 ([20]). Let (M , d) be a metric space and C ,D ⊂
M . A mapping T : C∪D→ C∪D is said to be a cyclic mapping
provided

T(C) ⊆ D,T(D) ⊆ C .

The following is a fixed point theorem for the cyclic contrac-
tion map:

Theorem 1.5 ([20]). Let (M , d) be a complete metric space and
let C ,D ⊂ M. Suppose that T : C ∪ D → C ∪ D is a cyclic
contraction and there exists k ∈ (0, 1) such that d(Tu,Tv) ≤
kd(u, v) for all u ∈ C and v ∈ D. Then, T possesses a unique
fixed point in C ∩ D.

2. MAIN RESULTS
The main results of this paper are presented in two parts, namely,
condensed Kannan-type cyclic and trivially cyclic maps in quasi-
partial b-metric spaces.
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2.1. CONDENSED KANNAN-TYPE CYCLIC CONTRACTION
We begin with the following definition of condensed Kannan-
type cyclic contraction:

Definition 2.1. Let (M , qpb, s) be a complete quasi-partial b-
metric space and let C ,D ⊂ M . A cyclic map T : C ∪ D →
C ∪ D is a condensed Kannan-type cyclic contraction if there
exist µ ∈ [0, 1

s ), λ ∈ [0, 1
2s ), and α ∈ (0, 1) such that

µL(ρ, ϱ, α) ≤ qpb(Tρ,Tϱ) ≤ λU (ρ, ϱ, α), (1)

where L(ρ, ϱ, α) = qpb(Tρ, ρ)αqpb(Tϱ, ϱ)1−α, U (ρ, ϱ, α) =
qpb(Tρ, ρ)2α + qpb(Tϱ, ϱ)2(1−α), for all ρ, ϱ ∈ M\Fix(T).

The inequality (1) is a blend of the interpolative Kannan-type
[12] and a modified Kannan contraction [17] in quasi-partial b-
metric spaces. The image distance qpb(Tρ,Tϱ) is controlled by
a bounded interval [µL, λU ], where µ and λ are contracting con-
stants; the lower bound µL controls how small the image dis-
tance can be while λU controls controls how large it can be. If
the distance qpb(Tρ,Tϱ) ∈ [µL, λU ] for some α ∈ (0, 1), then
we assert that the operator T satisfies the inequality (1) for all
ρ, ϱ ∈ M\Fix(T).

In what follows, we deduce some consequences of inequality
(1) that are evident in the literature:

I. By replacing M\Fix(T) with M , inequality (1) becomes

qpb(Tρ,Tϱ) ≤ λ
[
qpb(Tρ, ρ)2α

+ qpb(Tϱ, ϱ)2(1−α)]. (2)

That is, for some ρ, ϱ ∈ M , the interpolative term L(ρ, ϱ, α)
vanishes.

II. As a quick note in I, we recover the Kannan contraction [11]
by setting α = 1

2 in (2).

III. By letting s = 1, inequality (8) is restricted to quasi-partial
metric spaces.

The existence theorem of an operator satisfying (1) is pre-
sented as follows:

Theorem 2.2. Let C ,D ⊂ M and T : C ∪ D → C ∪ D is a
condensed Kannan-type cyclic contraction in M\Fix(T), then T
has a unique fixed point in C ∩ D.

Proof. Let T : C ∪ D → C ∪ D be a condensed Kannan-type
cyclic contraction. Then, we define a sequence {ρn} in C ∪ D
such that

ρn+1 = Tρn ∀ n ∈ N ∪ {0}. (3)

Fix ρ0 ∈ C , then Tρ0 ∈ D, T2ρ0 ∈ C , T3ρ0 ∈ D, and so on. From
(3), we can write

ρ1 = Tρ0, ρ2 = T
2ρ0,

ρ3 = T
3ρ0, . . . , ρn = T

nρ0.

By adopting the U (ρ, ϱ, α) and L(ρ, ϱ, α) of inequality (1) in
M\Fix(T), we have

qpb(ρ2, ρ1) = qpb(T2ρ0,Tρ0)

≤ λ
[
qpb(T2ρ0,Tρ0)2α

+ qpb(Tρ0, ρ0)2(1−α)]
= λ
[
qpb(ρ2, ρ1)2α + qpb(ρ1, ρ0)2(1−α)],

and

qpb(ρ2, ρ1) = qpb(T2ρ0,Tρ0)

≤ µqpb(T2ρ0,Tρ0)αqpb(Tρ0, ρ0)1−α

= µqpb(ρ2, ρ1)αqpb(ρ1, ρ0)1−α,

respectively. Continue in this manner up to the nth term, we have

qpb(ρn+1, ρn) ≤ λ
[
qpb(ρn+1, ρn)2α

+ qpb(ρn, ρn−1)2(1−α)], (4)

and

qpb(ρn+1, ρn) ≤ µqpb(ρn+1, ρn)αqpb(ρn, ρn−1)1−α. (5)

By combining (4) and (5), we obtain

[qpb(ρn+1, ρn)α − qpb(ρn, ρn−1)1−α]2 ≥ 0, (6)

which gives the following two cases:

(a) qpb(ρn+1, ρn)α ≤ qpb(ρn, ρn−1)1−α.

(b) qpb(ρn+1, ρn)α ≥ qpb(ρn, ρn−1)1−α.

Both cases (a) and (b) satisfy the equality:

qpb(ρn+1, ρn)α = qpb(ρn, ρn−1)1−α.

Using this equality in (4), we get

qpb(ρn+1, ρn) ≤ µqpb(ρn, ρn−1)2α

= qpb(ρn, ρn−1)αqpb(ρn+1, ρn)1−α.

which further implies that

qpb(ρn+1, ρn)α ≤ µqpb(ρn, ρn−1)α

By induction, we deduce the following:

qpb(ρn+1, ρn) ≤ κnqpb(ρ1, ρ0), where κ ≡ µ
1
α .
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Let m > n for m ∈ N and using (qpb4), we have that

qpb(ρn, ρm) ≤ s
[
qpb(ρn, ρn+1) + qpb(ρn+1, ρm)

]
− qpb(ρn+1, ρn+1)

≤ s
[
qpb(ρn, ρn+1) + s

(
qpb(ρn+1, ρn+2)

+ qpb(ρn+2, ρm)
)
− qpb(ρn+2, ρn+2)

]
− qpb(ρn+1, ρn+1)

· · ·

≤

m−n∑
i=1

siqpb(ρn+i−1, ρn+i)

−

m−n∑
i=1

si−1qpb(ρn+i, ρn+i)

≤

m−n∑
i=1

siκn+i−1

× qpb(ρ0, ρ1).

Taking limit as n→ ∞ of the last inequality, we have

lim
n→∞

qpb(ρn, ρm) = 0.

This proves that {ρn} is a b-Cauchy sequence, by completeness,
{ρn} converges to ρ∗ ∈ M . That is,

lim
n→∞

ρn = ρ
∗.

Next is to show that ρ∗ = Tρ∗. On the contrary, assume that
ρ∗ , Tρ∗, then

qpb(Tρ∗, ρ∗) ≤ s[qpb(Tρ∗,Tρn) + qpb(ρn+1, ρ
∗)]

− qpb(ρn+1, ρn+1). (7)

But

qpb(Tρ∗,Tρn) ≤ λ
[
qpb(ρ∗,Tρ∗)2α + qpb(ρn,Tρn)2(1−α)

]
= λ
[
qpb(ρ∗,Tρ∗)2α + qpb(ρn, ρn+1)2(1−α)

]
.

By taking limit as n→ ∞ across (7), this gives

qpb(Tρ∗, ρ∗)1−2α ≤ sλ < 1, for α ∈ (0, 1),

which is a contradiction. Hence, ρ∗ = Tρ∗. Suppose that ϱ∗ is
any other fixed point of T such that qpb(ρ∗, ϱ∗) , 0⇔ ρ∗ , ϱ∗.
Then,

qpb(ρ∗, ϱ∗) = qpb(Tρ∗,Tϱ∗)

≤ λ
[
qpb(ρ∗,Tρ∗)2α + qpb(ϱ∗,Tϱ∗)2(1−α)]

= λ
[
qpb(ρ∗, ρ∗)2α + qpb(ϱ∗, ϱ∗)2(1−α)] = 0.

This leads to a contradiction. Hence, ρ∗(= ϱ∗) is unique.

Corollary 2.3. Let C ,D ⊂ M and T : C ∪ D → C ∪ D is a
condensed Kannan-type cyclic contraction in M, then T has a
unique fixed point in C ∩ D.

Proof. If we replace M\Fix(T) with M , then the condition
L(ρ, ϱ, α) collapses and the proof follows by using only the
U (ρ, ϱ, α).

Corollary 2.4. Let C ,D ⊂ M, M a quasi-partial metric space
and T : C ∪ D → C ∪ D is a condensed Kannan-type cyclic
contraction in M, then T has a unique fixed point in C ∩ D.

Proof. The proof follows from the preceding theorem if s = 1.

2.2. CONDENSED KANNAN-TYPE TRIVIALLY CYCLIC
CONTRACTION

The following is a definition of trivially cyclic condensed map in
quasi-partial b-metric spaces:

Definition 2.5. Let M be a quasi-partial b-metric space. A map
T : M → M is called a condensed Kannan-type of trivially cyclic
contraction if there exist constants α ∈ (0, 1), λ ∈ [0, 1

2s ), and
µ ∈ [0, 1

s ) such that

qpb(Tρ, Tϱ) ≤ λ
[
qpb(ρ, Tρ)2α

+ qpb(ϱ, Tϱ)2(1−α)], (
U (ρ, ϱ, α)

)
,

qpb(Tρ, Tϱ) ≥ µqpb(ρ, Tρ)αqpb(ϱ, Tϱ)1−α,(
L(ρ, ϱ, α)

)
.

(8)

for all ρ, ϱ ∈ M\Fix(T ).

The condition (8) is valid if the fractional powers α and 1 − α
are interchanged.
The second main result is presented as follows:

Theorem 2.6. Let T : M → M be Kannan-type contraction map
(8), where M is a quasi-partial b-metric space. Then, T admits
a unique fixed point in M.

Proof. Let ρ0 ∈ M be fixed and let {ρn} ⊂ M be defined by
ρn+1 = Tρn for all n ∈ N0. If there exists n0 ∈ N0 such that
ρn0+1 = Tρn0 = ρn0 , then the proof is immediate. Now, let ρn+1 ,
ρn for each n ∈ N0; using the (U (ρ, ϱ, α)) of (8), we get

qpb(ρn, ρn+1) = qpb (Tρn−1, Tρn)

≤ λ
[
qpb(ρn−1, Tρn−1)2α

+ qpb(ρn, Tρn)2(1−α)]
= λ
[
qpb(ρn−1, ρn)2α

+ qpb(ρn, ρn+1)2(1−α)]. (9)

By using the (L(ρ, ϱ, α)) and (9), this gives

0 ≤ qpb(ρn, ρn+1) − µqpb(ρn−1, ρn)αqpb(ρn, ρn+1)1−α

≤ λ
[
qpb(ρn−1, ρn)α − qpb(ρn, ρn+1)1−α

]2
with µ ≡ 2λ. (10)

Furthermore, we have[
qpb(ρn−1, ρn)α − qpb(ρn, ρn+1)1−α

]2
≥ 0 (11)

Two cases are recorded from the inequality (11), namely:
(a) qpb(ρn−1, ρn)α ≤ qpb(ρn, ρn+1)1−α; and
(b) qpb(ρn−1, ρn)α ≥ qpb(ρn, ρn+1)1−α.

From both cases (a) and (b), the following holds:

qpb(ρn−1, ρn)α = qpb(ρn, ρn+1)1−α.
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Using this equality in (10), we obtain the recurrence relation

qpb(ρn, ρn+1) ≤ µqpb(ρn−1, ρn)2α

= µqpb(ρn−1, ρn)αqpb(ρn, ρn+1)1−α.

This further gives

qpb(ρn, ρn+1) ≤ knqpb(ρ0, ρ1), where k = µ
1
α . (12)

The remaining parts follow a routine of the preceding theorem.

The preceding theorem unifies both the Kannan contraction
and the interpolative Kannan-type in quasi-partial b-metric space
as follows:

Corollary 2.7. Let (M , qpb, s) be a complete quasi-partial b-
metric space and T : M → M be a condensed Kannan-type
contraction map in quasi-partial b-metric spaces, for all ρ, ϱ ∈
M (or M\Fix(T )),

qpb(Tρ,Tϱ)


≤ λ
[
qpb(ρ, Tρ) + qpb(ϱ, Tϱ)

]
,

≥ µqpb(ρ, Tρ)
1
2 qpb(ϱ, Tϱ)

1
2 ,

(13)

and contrariwise, where λ ∈ [0, 1
2s ) and µ ∈ [0, 1

s ) and s ≥ 1.
Then, T has a unique fixed point.

Proof. The proof can be obtained from the preceding theorem if
α = 1

2 .

The following corollary also holds if we drop the interpolative
condition in (8).

Corollary 2.8. Let (M , qpb, s) be a complete quasi-partial b-
metric space and T : M → M be a condensed Kannan-type
contraction satisfying

qpb(Tρ,Tϱ) ≤ λ
[
qpb(ρ, Tρ)2α

+ qpb(ϱ, Tϱ)2(1−α)], (14)

where λ ∈ [0, 1
2s ), α ∈ (0, 1) and for all ρ, ϱ ∈ M. Then, T has a

unique fixed point in M.

Example 2.9. LetM = {a, b, c} and define qpb : M×M → [0,∞)
as follows:

qpb(ρ, ϱ) a b c
a 0 1.0 2.25
b 2.0 1.0 1.25
c 3.75 1.75 1.5

for ρ, ϱ ∈ M . Then, qpb is a quasi-partial b-metric on M for
s = 1.45. Indeed, for (ρ, ϱ) = (a, c), then using qpb4:

2.25 = qpb(a, c)
< s[qpb(a, b) + qpb(b, c)] − qpb(b, b)
= 1.45(1.0 + 1.25) − 1.0 ≈ 2.26.

The function qpb is neither a metric nor a quasi-partial metric
on M .
That is, qpb(a, c) , qpb(c, a) implies that qpb is not a metric on
M . Also, qp(a, c) > qp(a, b) + qp(b, c) − qp(b, b) shows that qpb

is not a quasi-partial metric on M .
Define the map T : M → M as:

Tρ =


b for ρ = a
c for ρ = b
a for ρ = c

.

Then,

i. T is a condensed Kannan-type map on M .

ii. T is not an interpolative Kannan-type map on M .

i. To see this, we set parameters α = 0.3, s = 1.45, and (ρ, ϱ) =
(a, c) in inequality (1). Hence, the terms qpb(Ta, Tc), L(ρ, ϱ, α),
and U (ρ, ϱ, α) are presented, respectively, as follows:

qpb(Ta, Tc) = qpb(b, a) = 2,

µL = µqpb(a, Ta)αqpb(c, Tc)1−α

= µqpb(a, b)0.3qpb(c, a)0.7 ≈ 2.5224µ,

λU = λ
[
qpb(a, Ta)2α + qpb(c, Tc)2(1−α)

]
≤ λ
[
qpb(a, b)0.6 + qpb(c, a)1.4

]
≈ 7.3627λ.

Observe that these satisfy inequality 2.5224µ ≤ 2 ≤ 7.3627λ,
where some choices of µ ∈ (0, 2

3 ) and λ ∈ (0, 1
3 ) fulfill the hypo-

thetical condition. In particular, if µ = 0.6 and λ = 0.3, then the
inequality is 1.513 < 2 < 2.208.
ii. On the contrary, suppose that T is an interpolative Kannan-
type map on M , then qpb(Ta, Tc) ≤ µL(ρ, ϱ, α). Thus, for the
same choice of parameters α = 0.3, s = 1.45, and (ρ, ϱ) = (a, c),
we have 2 < 2.5224µ.
This is a contradiction because µ > 2

2.5224 ≈ 0.7929 < (0, 2
3 ).

Therefore, T is not an interpolative Kannan-type map on M .

3. CONCLUSION
This study introduced a class of condensed Kannan-type con-
traction mappings within the framework of quasi-partial b-metric
spaces in order to investigate the existence properties of nonlin-
ear operators beyond the scope of classical metric structures. By
combining the flexibility of quasi-partial b-metric geometry with
condensed conditions, both uniqueness and non-unique fixed
point results were established for the proposed qpb-condensed
Kannan-type mappings. Furthermore, the study proved the exis-
tence theorems of cyclic mappings, namely, trivial and nontriv-
ial cyclic condensed Kannan-type contractions. The obtained re-
sults generalize several existing fixed point theorems and provide
a unified framework that broadens the applicability of contrac-
tion principles in more generalized settings. To support the the-
oretical results, an illustrative example was presented to demon-
strate the advantage of the proposed concepts over other related
works in the literature. Overall, the study contributes to the ongo-
ing development of fixed point theory by extending the notions of
Kannan contraction, interpolative Kannan-type contraction, con-
densedKannan-type contraction, and asymmetry distance frame-
works.
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