
Proceedings of the Nigerian Society of Physical Sciences 3 (2026) 315

Published by Nigerian Society of Physical Sciences. Hosted by FLAYOO Publishing House LTD

Proceedings of the Nigerian Society of Physical Sciences

Journal Homepage: https://flayoophl.com/journals/index.php/pnspsc

Pursuit differential game with high-order dynamic

Hassan Abdullahia,∗, Bashir Mai Umarb, Bilyaminu Muhammadc, Sani Musa Tsohod

aDepartment of Mathematics, Zamfara State University, Talata Mafara, 892001, Nigeria
bDepartment of Mathematics, Federal University Gashua, 631101, Nigeria
cDepartment of Mathematics, Federal College of Education (Technical), 880001, Gusau, Nigeria
dDifferential Game Research Group, Bayero University Kano, 700001, Nigeria

A B S T R A C T

This study examines a pursuit–evasion differential game with finitely many pursuers and a single evader moving inside a nonempty

compact convex region of R2 The dynamics of all participants are governed by ordinary differential equations of degrees n and m,

while their control inputs satisfy coordinate-wise integral constraints. Capture is said to occur when at least one pursuer reaches the

same position as the evader. Sufficient conditions ensuring that the pursuers can guarantee capture are derived, and constructive

strategies are proposed to realize this outcome.
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1. INTRODUCTION

The theory of differential game provides a comprehensive frame-

work for simulating conflict-controlled dynamical systems gov-

erned by differential equations. The Pursuit-evasion problem

aims to establish conditions for capture or escape, determine

pursuit time, and formulate permissible strategies that the play-

ers can use. Such problems [1–13] have drawn the attention in

the literature due to their theoretical and practical significance.

Ibragimove [1] studied a pursuit-evasion game with integral con-

straints on the control input of the players, in which a single

evader and single pursuer evolved in a closed convex region

N ⊂ R
n, the pursuit time was derived, the condition for both pur-

suit and evasion ware established, and players strategies were ob-
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tained. This study was later extended in Ref. [2] to the gamewith

two pursuers and single evader in the plane, under which control

resources of the players obeyed integral constraint on each co-

ordinate, where adequate conditions for the pursuit’s completion

and corresponding pursuers strategy were established.

Pursuit games with multiple pursuers have also been widely

studied. In Ref. [3], the first-order dynamic pursuit-evasion

game of three pursuers and a single evader was analyzed under

geometric control constraints in R2, and effective pursuer strate-

gies were proposed. The case of many pursuers and single evader

inR2 subject to integral constraints imposed on each coordinate-

wise of the control input of the players was considered in [4, 5],

where sufficient conditions for capture were obtained and con-

structive pursuer strategies were developed. An evasion-oriented

formulation under similar constraints was examined in [6], with

explicit evader strategies provided.

Further extensions include the work in Ref. [7], where pursuit
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was studied within a closed convex region in a R
2 using prop-

erties of convex sets, and [8], which addressed a pursuit game

on a cylindrical surface and reduced it to an equivalent planar

formulation with geometric constraints.

Research Gap: The existing literature predominantly ad-

dresses pursuit–evasion games with first-order player dynamics,

particularly inR2, under integral or coordinate-wise integral con-

straints.

Contribution of the Present Work. In contrast, the present

study considers a pursuit differential game involving many pur-

suers and single evader in R
2, where pursuers are governed by

nth-order dynamics and the evader by mth-order dynamics, with

n < m. Sufficient conditions for the completion of pursuit were

derived, and explicit pursuer strategies were constructed, thereby

extending existing first-order results to higher-order dynamical

systems.

2. DESCRIPTION OF THE RESEARCH PROBLEM

Wewill consider the differential game which includes many Pur-

suers and Evader whose state vectors are x and y, and whose

velocity vector are u and v, respectively in the space R
2. Let

movements of the pursuers and the evader be expressed by the

differential equations and initial conditions

Pi : ẋi =
(θ − t)n−1

(n − 1)!
ui(t), xi(0) = xi0, I = {1, 2, · · · }, (1)

E : ẏ =
(θ − t)m−1

(m − 1)!
v(t), y(0) = y0,

correspondingly, where xi0 = x0
i + θx

1
i +

θ2

2!
x2
i + · · · +

θn−1

(n − 1)!
xn−1
i , y0 = y

0
+ θy1

+

θ2

2!
y2
+ · · · + θm−1

(m − 1)!
ym−1,

n,m ∈ Nwith 1 ≤ n < m, x(k)

i
, ui, ∈ R2, k = 0, 1, . . . , n−1, and

y(k), v ∈ R2, k = 0, 1, . . . ,m−1. the players parameters control

are the velocity ui = (ui1 , ui2 ) and v = (v1, v2) respectively and

they depend on time t ≥ 0. From (1) we obtained the following

state equations of the players.

xi(θ) = xi0 +

∫ θ

0

(θ − t)n−1

(n − 1)!
ui(t)dt ,

y(θ) = y0 +

∫ θ

0

(θ − t)m−1

(m − 1)!
v(t)dt .

Definition 2.1. Admissible control of the ith pursuer is a mea-

surable function ui(t) = (ui1(t), ui2(t)); t ≥ 0, defined as:

∫ ∞

0

∣

∣

∣uij(t)
∣

∣

∣

2
dt ≤ ρ2

ij, i = 1, · · ·N , j = 1, 2, (2)

where ρij, are assigned positive value.

Definition 2.2. Admissible control of the evader is a measurable

function v(t) = (v1(t), v2(t)); t ≥ 0 defined as

∫ ∞

0

∣

∣

∣vj(t)
∣

∣

∣

2
dt ≤ σ2

j , j = 1, 2, (3)

where σj, are assigned positive number.

Definition 2.3. The strategy of the ith pursuer, is a Borel mea-

surable function Ui(xi, y, v) = (Ui1(xi, y, v), Ui2(xi, y, v), Ui :

R
6 → R

2,such that for any control of the evader v(t), t ≥ 0,

the initial value problem

dnxi

dtn
= Ui(t , xi, y, v), xi(0) = x0

i
,

dxi

dt
(0) = x1

i
, . . . ,

dn−1xi

dtn−1
(0) = xn−1

i
, i ∈ I ,

dmy

dtm
= v(t), y(0) = y0,

dy

dt
(0) = y1, . . . ,

dym−1

dtm−1
(0) = ym−1,

(4)

has exactly one solution (xi(t), y(t)) and the following coordinate-

wise integral constraint:

∫ ∞

0

∣

∣

∣Uij(xi(s), y(s), v(s))
∣

∣

∣

2
ds ≤ ρ2

i1, i = 1, ...m, j = 1, 2, (5)

hold.

Definition 2.4. In the game (1), pursuit is said to be accom-

plished from the initial position {x10, ..., xm0, y0} within the time

interval [0,T ], under conditions in Definitions (2.1) and (2.2), if

there exist admissible strategies Ui, i = 1, ...,N , of the pursuers

such that for any control v = v(.) of the evader, there exist an in-

dex i ∈ {1, ...,N } and t ∈ [0,T ], for which the equality xi(t) = y(t)

holds.

3. RESEARCH OUTCOME

Theorem 3.1. For pursuit to be guaranteed in the game (2.1)

within a finite time T , starting from any initial position, it is suf-

ficient that

m
∑

i=1

ρ2
ij > σ

2
j , j ∈ {1, 2}, (6)

subject to the conditions in Definitions (2.1) and (2.2).

Proof. Assume that the inequality holds for a fixed index j = j∗,

that is,

m
∑

i=1

ρ2
ij∗ > σ

2
j∗ .

We now define auxiliary quantities σij∗ for each pursuer i as

σij∗ =
σj∗

ρj∗
ρij∗ , i = 1, 2, . . . ,N ,

where

ρj∗ =















m
∑

i=1

ρ2
ij∗















1/2

.

Justification: This formula is introduced by construction. It

defines σij∗ proportional to the corresponding ρij∗ , with the pro-

portionality constant chosen so that the combined magnitude of

σij∗ matches the evader’s bound:















m
∑

i=1

σ2
ij∗















1/2

= σj∗ .



Abdullahi et al. / NSPS-ABU-26 / Proceedings of the Nigerian Society of Physical Sciences 3 (2026) 315 3

By substituting σij∗ = r ρij∗ , the proportionality constant r is

determined as r = σj∗/ρj∗ , which directly leads to the formula

above. This ensures that the allocated “share” for each pursuer

is consistent and respects the total bound of the evader.

From the inequality
∑m
i=1 ρ

2
ij∗ > σ

2
j∗ , it follows that

ρj∗ > σj∗ and hence
σj∗

ρj∗
< 1.

Substituting this into the definition of σij∗ gives

σij∗ < ρij∗ , i = 1, 2, . . . ,m.

Let x0 and y0 be points in the set N such that

|x0 − y0| = diamN := max
x,y∈N
|x − y|.

Choosing x-axis to pass through the points x0 and y0. Denote

d = |x0 − y0|, c = max
(ζ,η)∈N

|η|.

We assume without loss of generality that, all pursuers initially

lie on the x1-axis. If not, they can be easily transferred to that

position by using the following control inputs.

Let ρ = ρsj for some j ∈ {1, 2}. Suppose that, the pursuer’s Ps
initial position takes the form x0

s = (x0
s1
, 0). Otherwise, they can

be transformed to that position by applying the control below, i.e.

xs(τ0) = (x0
s1
, 0), for the time interval [0, τ0].

Usj(t) =















0, for j = 1,
−x0

s2
(n−1)

τ0(τ0−t)n−1 , for j = 2,
(7)

where τ0 = max
s∈S

|x0
s2
|2(n − 1)2

ρ2
s2

(3 − 2n)2
. Indeed for j = 2 and Usj(t) , 0,

we have

xs2(τ0) = x0
s2 +

∫ τ0

0

(τ0 − t)n−1

(n − 1)!
us2(t)dt

= x0
s2 +

∫ τ0

0

(τ0 − t)n−1

(n − 1)!













−x0
s2

(n − 1)

τ0(τ0 − t)n−1













dt

= x0
s2 +

∫ τ0

0













−
x0
s2

τ0













= x0
s2 − x

0
s2 = 0.

The control equation (7) is admissible, indeed

∫ τ0

0

|Us2(t)|2 dt =
∫ τ0

0

∣

∣

∣

∣

∣

−x0
i2

(n − 1)!

τ0(τ0 − t)n−1

∣

∣

∣

∣

∣

2

dt

=

|x0
i2
|2(n − 1)!2τ3−2n

0

(3 − 2n)τ2
0

=

|x0
i2
|2(n − 1)!2

(3 − 2n)τ2n−1
0

≤
|x0
i2
|2(n − 1)!2

(3 − 2n)τ0

≤
|x0
i2
|2(n − 1)!2

(3 − 2n)

( |x0
s2
|2(n − 1)!2

ρ2
s2

(3 − 2n)2

)

= ρ2
s2(3 − 2n) ≤ ρ2

s2.

The following stage of the game, we will consider ρ∗
s2

:=
√

3

2
ρs2,

instead of ρs2 . In this stage, for the time [τ0, τ1], the sth pursuer

is to apply the following control on the first coordinate:

Usj(t) =



















0, j = 2,
sgn(y1(τ0) − xs1(τ0))(n − 1)!d

(τ1 − τ0)(τ1 − t)n−1
, j = 1,

(8)

where τ1 = τ0 +
(n − 1)2d2

(1 − 2n)2(ρs1 − σs1)2
. indeed, this control will

assure that xs1(τ1) = y1(τ1). Certainly,

xs1(τ1) = xs1(τ0) +

∫ τ1

τ0

(τ0 − t)n−1

(n − 1)!
Us1dt

= xs1(τ0)

+

∫ τ1

τ0

(τ0 − t)n−1

(n − 1)!

(

sgn(y1(τ0) − xs1(τ0))(n − 1)!d

(τ1 − τ0)(τ1 − t)n−1

)

dt

= xs1(τ0) +
d

τ1 − τ0

∫ τ1

τ0

dt

= xs1(τ0) +
d

(τ1 − τ0)
(τ1 − τ0)

= xs1(τ0) + d

= y1(τ1).

The following stage of the game on the time interval [τ1, τ2] pur-

suer uses the following control fir the first to second coordinates

Ui∗j(t) =
(

v1(t),Us2(t)
)

,

where Us2(t) =
sgn(y1(τ0) − xs1(τ0))(n − 1)!c

(τ1 − τ0)(τ1 − t)n−1
and τ2 = τ0 +

(n − 1)2c2

(1 − 2n)2(ρs1 − σs1)2
.

This strategy will ensure that xs1(τ2) = y1(τ2) and xs2(τ2) =

y2(τ2).

xs1(τ1) = xs1(τ0) +

∫ τ1

τ0

(τ0 − t)n−1

(n − 1)!
Us1dt

= xs1(τ0)

+

∫ τ1

τ0

(τ0 − t)n−1

(n − 1)!

(

sgn(y1(τ0) − xs1(τ0))(n − 1)!c

(τ1 − τ0)(τ1 − t)n−1

)

dt

= xs1(τ0) +
c

τ1 − τ0

∫ τ1

τ0

dt

= xs1(τ0) +
c

(τ1 − τ0)
(τ1 − τ0)

= xs1(τ0) + c

= y1(τ1).

The above strategy is admissible, this can be shown as follow:
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For the first coordinate, we have
∫ τ0

0

|Us1(t)|2 dt =
∫ τ0

0

∣

∣

∣

∣

∣

sgn(y1(τ0) − xs1(τ0))(n − 1)!d

(τ1 − τ0)(τ1 − t)n−1

∣

∣

∣

∣

∣

2

dt

+

n−1
∑

r=1

∫ τr+1

τr

|v1(t)|2dt

=

(n − 1)!d2

(τ1 − τ0)2

∫ τ1

τ0

1

(τ1 − t)2(n−1)
dt

+

n−1
∑

r=1

∫ τr+1

τr

|v1(t)|2dt

≤ (n − 1)!d2

(τ1 − τ0)2

∫ τ1

τ0

(τ1 − t)−2(n−1)dt + σ2
1

=

(n − 1)!d2

(1 − 2n)(τ1 − τ0)2n−1
+ σ2

1

≤ (n − 1)!d2

(1 − 2n)(τ1 − τ0)
+ σ2

1

≤ (n − 1)!d2

(1 − 2n)

(

τ0 +
(n−1)2d2

(1−2n)2(ρs1−σs1)2 − τ0

) + σ
2
1

= (ρs1 − σ1)2(1 − 2n) + σ2
1

≤ (ρ2
s1 − σ

2
1)(1 − 2n) + σ2

1

≤ ρ2
s1 − σ

2
1 + σ

2
1 = ρ

2
s1.

For the second coordinate, we have:
∫ τ2

τ0

|Us2(t)|2 dt =
∫ τ2

τ1

∣

∣

∣

∣

∣

sgn(y2(τ1) − xs2(τ1))(n − 1)!c

(τ2 − τ1)(τ2 − t)n−1

∣

∣

∣

∣

∣

2

dt

+

n−1
∑

r=2

∫ τr+1

τr

|v2(t)|2dt

=

(n − 1)!c2

(τ2 − τ1)2

∫ τ2

τ1

1

(τ2 − t)2(n−1)
dt

+

n−1
∑

r=2

∫ τr+1

τr

|v2(t)|2dt

≤ (n − 1)!c2

(τ2 − τ1)2

∫ τ2

τ1

(τ2 − t)−2(n−1)dt + σ2
2

=

(n − 1)!c2

(1 − 2n)(τ2 − τ1)2n−1
+ σ2

2

≤ (n − 1)!c2

(1 − 2n)(τ2 − τ1)
+ σ2

2

≤ (n − 1)!c2

(1 − 2n)

(

τ1 +
(n−1)2d2

(1−2n)2(ρs2−σs2)2 − τ0

) + σ
2
2

= (ρs2 − σ2)2(1 − 2n) + σ2
2

≤ (ρ2
s2 − σ

2
2)(1 − 2n) + σ2

2

≤ ρ2
s2 − σ

2
2 + σ

2
2 = ρ

2
s2.

The existence of the times τi, i ∈ {1, 2}, is guaranteed. In par-

ticular, the existence of τ2 follows from the control applied by

pursuer to second coordinate over the interval [τ1, τ2]. During

this interval, pursuer drives its second coordinate toward corre-

sponding coordinate of evader. In response, evader may attempt

Figure 1. Trajectories of two pursuers (solid lines) and a single evader

(dashed line) in a closed convex set. Phase times τ0, τ1, τ2 are marked to

illustrate the sequential alignment and capture process.

to increase the separation by moving in the opposite direction.

However, since the evader’s motion is confined to the compact

set C , once its second coordinate reaches the boundary of C , it

must either remain there or reverse its direction of motion.

In either case, the relative motion between the pursuer and the

evader ensures that the equality

xs2(τ2) = y2(τ2)

is attained within a finite time τ2. Hence, all times τi, i ∈ {1, 2},
exist, which conclude the theorem’s proof.

4. ILLUSTRATIVE EXAMPLE AND TRAJECTORY ANALYSIS

To visualize the effectiveness of the proposed pursuit strategy un-

der coordinate-wise integral constraints, we consider a numeri-

cal example with two pursuers and one evader evolving within

the compact convex set

N =

{

(x, y) ∈ R2 | x
2

9
+

y2

4
≤ 1

}

.

The control limits and starting positions are selected as:

m = 2, ρ11 = 1, ρ21 = 1.1, σ1 =

√
2, ρ12, ρ22 > 0.

Completion of pursuit can be achieved from theorem 1, under

these parameters

4.1. INTERPRETATION OF THE TRAJECTORY PLOT

The plot in Figure 1 illustrates how the pursuer’s strategy is im-

plemented in stages:

❼ Stage τ0: Using only their initial coordinates, the pursuers

align their starting positions along the x-axis.

❼ Stage τ1: The first coordinate of the pursuers coincides with

that of the evader in the same coordinate, that is, x1 = y1

❼ Stage τ2: Pursuit is completed, under the coordinate-wise

integral constraints, the coordinates of at least one pursuer

coincide with that of the evader, that is, x1 = y1 and x2 = y2.
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It is clear from the trajectories that the pursuers gradually min-

imize the evader’s distance while honoring the pre- defined limits

for control. The methodical approach guarantees that Sequential

matching of each coordinate ensures capture. in limited time.

This illustration backs up the theoretical re- results of the paper,

offering a perceptive comprehension of the developed pursuer

tactics with nth-order dynamics.

FUTURE RESEARCH DIRECTIONS

Several possible extensions of the present study can be consid-

ered as follows.

❼ Investigate similar pursuit-evasion differential games with

higher-order dynamics in Euclidean spaces of arbitrary di-

mension.

❼ Another interesting line of research is the introduction

of pursuit-evasion differential games involving fractional-

order dynamics, both in the plane and Euclidean spaces.
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