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ABSTRACT

The NVMM framework is an integrated approach that extends the normal distribution by including heavy-tail properties. In spite
rapid methodological advances in this distribution family, large amount of literature only focuses on mixing densities that provide
average tail activities which are insufficient in capturing extreme variability that constantly occur in drug pharmacokinetic processes.
This study provides an in depth systematic review of literature which focuses on multivariate and few univariate distributions
developed using the NVMM approach with particular interest in the baseline distributions such as the normal, Kotz-type, and related
distributions. And also, evaluating the different distributions used as mixing variables. This review followed a well-structured
PRISMA procedure; the searches for literature related to the study were done with different databases namely PubMed, Web of
Science, Google Scholar, Science Direct, and Scopus. From 2,588 retrieved records (between Jan. 1%, 2000 to Dec. 31%, 2025),
rigorous screening, eligibility criteria, and quality assessment yielded 17 high-quality studies for synthesis. Data extraction focused
on distributional structures, mixing variables, estimation methods, and applications. After using the set criteria for selection,
17 literatures were identified and added to the study database for a qualitative synthesis. Our review showed different forms
and alternative distributions that could arise from the normal, skew-normal, Kotz, Laplace, skew-Laplace etc using the NVMM
framework. The review showed that distribution tail largely depends on the nature of the mixing variable. Finally, the review showed
inadequate extreme variability capturing; suggesting the adaptation of a type II extreme-value distribution.
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mixtures.
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1. INTRODUCTION use in extending baseline distributions and is capable for cap-
The multivariate normal variance-mean mixture (NVMM) fam- turing heavy tail features present in most multivariate datasets.
ily of distribution establishes a class of probability distributions ~ The multivariate NVMM uses the conditional distribution of any
baseline distribution with a stochastic representation of the mean

and variance mixed with a non-negative distribution (called the

“Corresponding Author Tel. No.: +234-806-5832-232. mixing variable). Due to its flexibility, the NVMM incorpo-
e-mail: emekaani605@gmail.com (C.L. Ani) rate several classical distributions while, still persevering their
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likelihood inference [1-3]. In the development of multivari-
ate probability distribution, this form of probability representa-
tion is predominately been used due to its flexibility in tail be-
havior, complex data structures, and outliers. Different mile-
stone have been achieved relating to theoretical framework in
this area which has completely stretched the NVMM framework
beyond the first baseline distribution (multivariate normal) [4—
7]. For example, multivariate distribution developed using the
NVMM include the skew-normal variance-mean mixture, Kotz-
type variance-mean mixture, Laplace variance-mean mixture etc.
with properties such as moment, characteristic, and moment gen-
erating function [8—11]. Similarly, semi-parametric formulations
have equally been proposed with the aim of relaxing the para-
metric assumptions regarding the density used as mixing vari-
able [3, 12]. The extension to semi-parametric method shows
that NVMM is a comprehensible framework. Recently, the the-
oretical aspect on parameter estimation and inference as regards
NVMM has been the focus; to this effect different hybrid effi-
cient algorithms for computation have been developed namely
randomized quasi-Monte Carlo methods, numerical maximum
likelihood, EM- or ECM-type etc. [13, 14]. In resolving some of
these computational challenges [15] developed the nvmix R pack-
age. Thus, the NVMM has been applied to different areas these
includes finance/econometric modeling, engineering, biomedi-
cal/pharmacokinetic etc. [16-20]. In existing NVMM stud-
ies, the dominating mixing variables used include the following
gamma, inverse gamma, inverse generalized gamma, generalized
inverse Gaussian, Lindley, and Birnbaum-Saunders. Amongst
many applied fields such as drug pharmacokinetic (PK) and fi-
nance, datasets from these areas are frequently characterized by
extreme variability/outliers and skewness features. These data
characteristics often challenge the adequacy of mixing variable.
Hence, extreme-value distributions or its generalization remain
under explored within the NVMM framework.

In this study review, we intend to explore NVMM distributions
in the area of pharmacology particularly, in the area of pharma-
cokinetic as this area deals with drug concentrations and kinetic
in the human body; hence, providing room for massive volatility.
PK involves the quantification of drugs in the human body based
on the following principle; absorption, distribution, metabolism,
and excretion and also, the determining drug concentration over
time within the same biological host [29]. Furthermore, PK ex-
plains the time-course of drug flow after absorption following
various compartments which enables the estimation dosing reg-
imens, toxicity, and therapeutic response in clinical processes.
Pharmacokinetics (PKs) incorporates mathematical & statistical
modelling, experimental data, and physiological principles so
as to identify, understand, and quantify variability amongst pa-
tients/clinical subjects/clients and the optimization of personal-
ized treatment for outcomes [29, 30]. Generally, PKs offers the
scientific and foundational base for coherent drug advancement,
therapeutic drug monitoring, and dose formulation in contempo-
rary pharmaceutical study. Thus, since PK datasets originating
from drug reactions are volatile thereby exhibiting extreme vari-
ability, the NVMM family of distribution is flexible enough to
accommodate such data characteristics due to its mixing variable
framework.

Currently, literature reviews may possibly be categorized

into the following: traditional literature review (TLR), meta-
analysis literature review (MLR), and systematic literature re-
view (SLR). The TLR only provides broad summary as well as
interpretation of an area/subject without proper or strict meth-
ods. MLR involves a quantitative approach that applies statis-
tical/mathematical principles in analyzing data from numerous
quantitative studies. While, SLR adopts a pre-defined, credi-
ble, and strict/rigorous method to select, assess, and synthesize
the precise set research questions. Based on the authors’ aware-
ness/findings/knowledge. In summary, this SLR seeks to iden-
tify, clarify and abridge the existing evidences concerning (1) the
existing variance-mean mixtures, (2) mixing variables used, and
(3) their resultant functions and limitations. This SLR review
seeks to synthesize studies using the NVMM approach in devel-
oping multivariate probability distribution. Therefore, this study
will make available and provide insight to researchers in differ-
ent areas of discipline utilizing probability theories in employing
and developing improved distributions.

2. METHODS

This study adopted the method recommended by Ref. [21-23] in
implementing this review (see Fig. 1). Accordingly, Fig. 1 show-
cases the review procedures involve in achieving the research
questions; these procedures are in four (4) phases which are as
follows: research questions, search design, study selection, and
data synthesis. In phase 1, we formulated a couple of research
questions in-line with the study aim. In phase 2, we also designed
the search design in accordance with the research questions; this
phase also involves the search terms and the strategies used in
selecting the resources (i.e. literature). While, in phase 3 the
review focused on data extraction and resource consideration in-
line the quality measures/assessment criteria. And finally, phase
4 focuses on the data synthesis involving final study selection for
inclusion and further actions were required.

2.1. RESEARCH QUESTIONS

This SLR is aimed at understanding and summarizing empirical
facts regarding NVMM family of distributions, the mixing theory
behind the framework, and identifying possible research gaps in
resources for research opportunities. In order to accomplish this
aim, three (3) research questions (RQs) have been formulated,
they are as follows:

1. What are the existing variance-mean mixture representa-
tions?
2. What are the existing conditional and mixing distributions?

3. What are resultant functions and their limitations?

These formulated RQs are entwined forming the foundation for
this study and were concurrently examined.

2.2. SEARCH DESIGN

The search design as shown in Fig. 1 involved the search terms,
resources (i.e. literature), and search procedure. Finally, identi-
fied literature were then retrieved and imported into the Rayyan
software for additional screening [25].
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Figure 1. Algorithm for the stages of the review procedure [24].

2.2.1. Search query

The search terms as shown in Table 1 was developed using the
following guidelines described in Refs. [21-23] which involves
the following:

1. The main terms were derived from the RQs.

2. Synonyms and different spellings for the main terms were
identified.

3. Keywords in related and relevant books and papers were
equally identified.

4. Boolean operator such as "OR" was used to incorporate syn-
onyms and different spellings.

5. Truncations were done to ensure the search terms were fully
utilized to maximized results.

Thus, Table 1 presents the search terms:

2.2.2. Database records

In this study, we employed secondary data which are literature
identified and sourced using the search query as shown in Ta-
ble 1. Accordingly, resources were sourced from the follow-
ing databases namely PubMed, Web of Science, Google Scholar,
Science Direct, Scopus, and other sources. Also, the title and ab-
stract were key components these databases used to conduct the
search for peer-reviewed journals, book chapters, proceedings,
and workshops/symposiums.

2.2.3. Search procedure

As earlier mentioned, SLR involves a broad search of relevant
literature from vital sources concerning the subject matter. Nev-
ertheless, the search procedures adopted in this study includes

Table 1. Search query.

("normal variance-mean mixture*" OR "variance-mean
mixture*" OR mixture distribution* OR variance-mean
mixture* OR normal variance-mean*) OR ("Bessel func-
tion" OR "Bessel equations" OR Bessel equation* OR
Bessel differential*) OR ("heavy-tail*" OR "extreme
value distribution*" OR "distributional theor*" OR el-
liptical distribution*) OR ("pharmacokinetics" OR phar-
macokinetic* OR "population PK" OR "population-level
PK" OR "pharmacodynamics" OR pharmacodynamics*
OR "population PD" OR "population-level PD") OR
("epidemiolog*" OR "disease" OR "public-health" OR
"global health" OR "health")

some steps (see Fig. 2). As listed in Section 2.2.2, five elec-
tronic literature databases were used as sources for this search; a
full and exhaustive search was conducted on these databases and
the retrieved results (i.e. literature) were collected as potential re-
sources. We equally conducted another search in-line with RQs,
by going through the reference sections of each prospective study
obtained earlier and found additional records that were relevant
to records collected initially.

2.3. STUDY SELECTION

As shown in Fig. 2, the results from the PRISM diagram is
as follows; PubMed (n = 1,390), Web of Science (n = 161),
Google Scholar (n = 317), Science Direct (n = 109), and Sco-
pus (n = 611) amounting to 2,588 records. Before the screening,
2,262 records were removed from the total literature retrieved;
out of the 2,262 literature, 2,071 were duplicates, 118 records
were marked as ineligible through the automation tools, and 73
records were excluded due to other reasons. While, 326 records
were subjected to further screening using the inclusion criteria,
quality evaluation measure/assessment questions, and criteria for
contents assessment (see Table 2, 3, and 6, respectively). Hence,
25 studies were chosen, while, 9 records were later excluded due
to certain reasons as captured in Fig. 2. Finally, 16 records were
then selected with an addition of 1 report since it met the eli-
gibility criteria. In all 17 studies were selected and considered
capable in providing the relevant answers to the formulated RQs
in Section 2.1.

As shown in the PRISMA flow chart presented in Fig. 2, all the
selected studies were archived and organized using the Mendeley
reference manager for effective screening, tracking, and better
citation management.

2.3.1. Inspection

As shown in Fig. 2, 2,588 potential studies were collated. It was
considered necessary to further streamline the collated studies
into important ones according to the study aim, RQs, and assess-
ment criteria. We first considered the "fitle" and subsequently,
the full "content" of these studies were concisely studied. Thus,
the study excluded all papers that were unable to address one
or more of the RQs and also, that couldn’t reflect the aim of this
study. Furthermore, we only considered resources that were writ-
ten/or translated and published in English language were chosen
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Figure 2. The PRISMA-compliant study selection diagram.

for inclusion into the Rayyan software were we collated the rel-
evant studies. The publish materials are from only journals that
are peer-reviewed, books, conference proceedings, symposiums,
and workshops. As shown in Fig. 2, duplicate studies appeared
the most across the respective databases, but, only the most recent
and complete one was included in the study for further scrutiny.

We explicitly performed a SLR for multivariate NVMM rep-
resentations on studies published between Jan. 1, 2000 to Dec.
31, 2025; thus, the eligibility and screening criteria is given in
Table 2.

2.3.2. Quality evaluation measures (quality assessment)

The QAQs of selected literature were attained using a scor-
ing/weighting technique to obtain relevant studies that are ca-
pable of providing answers to the stated research questions. A
number of QAQs were formulated so as to assess the applica-
bility, relevance, completeness, and credibility of the studies se-
lected.

These QAQs are provided in Table 3; each of the questions for-
mulated has 3 optional responses/answers namely: "yes", "par-
tially" or "no". These options are scored as follows; "yes = 1",
"partially = 0.5", and "no = 0". Accordingly, a study total quality
score as regards the answers to QAQs is obtained by summing
the scores of the respective questions for each selected study.
We ensured that the quality evaluation process was accurately
implemented, while, discrepancies concerning the quality result
of any study was resolved through discussions amongst the au-
thors and consequently reaching unanimous agreement. Hence,
the reliability of our findings was attained through the consider-
ation of only relevant studies having the study tolerable quality
rate (i.e. the tolerable rate is fixed at been greater than 2, speci-
fying that for a study to be selected, it must have a score higher

Reports not retrieved
(n=0)

Reports excluded:

Language restrictions (n= 1)
— Ethical and reporting concerns (n = 1)
Paopulations outside the defined

scope (n=1)

Table 2. Eligibility and screening criteria.

Exclusion

S/N Inclusion

1.

ii.

iil.

iv.

vi.

Research published be-
tween January 1, 2000
and December 31, 2025

Research articles pub-
lished in English/or pub-
lications available in En-
glish

Studies that focuses on
NVMM distributions

All studies that can ad-
dress one or more of the
RQs

Studies conducted exclu-
sively on humans across
all age ranges

Studies originating from
all countries

Grey literature, com-
prising works without
full bibliographic infor-
mation (e.g., date, type,
volume, or issue) were
excluded

Publications reported in
non-English languages

Duplicate resources (i.e.
only the recent and com-
plete document will be
chosen, while, others are
excluded)

Studies that are not re-
lated or linked to one or
more of the RQs

Studies involving ani-
mals are excluded

Studies based on self-
reported data rather than
objective measurements
or not subjected to peer
review

than 50%). The review excluded 301 studies from the entire col-
lated resources which gave rise to 25 relevant studies; out of this
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Table 3. Quality assessment questions (QAQs).
S/N  Assessment questions
i. Are the aims/objectives of the study plainly stated?
ii. Is the conditional/baseline distribution and mixing
variable of the proposed NVMM clearly stated?
iii.  Is the NVMM applied on experimental or simu-
lated datasets?
iv.  Are the properties and behaviour of the pro-
posed/achieved NVMM clearly stated?

Yes = 1 score if the QAQ is answered; Partially = 0.5 score if the QAQ
is moderately answered; No = 0 score if the QAQ is not answered.

Table 4. Result summary of the selected studies’ quality assessment scores.
S/No. RecordID QAQl QAQ2 QAQ3 QAQ4 Total Score

1. P008 1 1 1 0.5 3.5
2. PO11 1 1 1 1 4
3. PO12 1 1 1 1 4
4. P018 1 1 0.5 0.5 3
5. P032 1 1 1 0 3
6. P053 1 0.5 1 0 2.5
7. P082 1 1 1 0.5 3.5
8. P083 1 1 1 0.5 35
9. P085 1 1 0.5 1 35
10. P187 1 0.5 1 0 2.5
11. P210 1 0.5 1 1 35
12. P211 1 1 1 0 3
13. P213 1 1 1 1 4
14. P223 1 1 1 1 4
15. P225 1 1 1 1 4
16. P229 1 1 1 1 4
17. P307 1 1 1 1 4

P denote Paper with three digit numbers representing the 326 records
initially selected before applying the QAQs; so, after applying the
QAQs 17 studies identify under the records ID column were selected as
the most relevant articles to the study aim having met the quality
assessment target score (e.g. P000).

number, 9 studies were further excluded due to certain reasons
as shown in Fig. 2. And finally, 16 records were then selected
with an addition of 1 report since it met the eligibility criteria
and passed the tolerable rate. These selected studies with their
corresponding scores are displayed in Table 4.

While, Table 5 provide an overview of the selected resources;
that is, data from each eligible study were organized into a com-
prehensive summary table (see Table 5). The extracted variables
included study title, bibliographic details, study aim/objectives,
data sources and type, analytical methods, and findings with pos-
sible remarks. Lastly, the QAQs guided the credibility of this
review and instrumental in the data synthesis.

2.4. DATA SYNTHESIS

Data synthesis in SLR seeks to evaluate and summarize
facts/proofs in connection to the selected studies so as to provide
valid response to the RQs. In synthesizing the data, the 17 chosen
studies in-line with our formulated QAQs/QAs have been further
perused so as to evaluate each study’s content in detail (see Table
5). For better result and to improve precision, we have properly
synchronized the selected studies’ which is the aim of this review.

Randomized Systematic eta-analysis,
controlledtrial, review, 21 33
Clinical 738 Reviews, 14
study, 38 Casereports, l‘
Book & 111 N

documents, 203

Workshops,
103

Symposiums,
11

Figure 3. Number of collated resources.

250

200

150

100

50

2005

2000 I —

o
2000 | S—
2001 | —
2005 I
2008 | S—
2010 | S—
2011 | S—
2018 | —
2020 I ————
2021 |
2022 | S—

2002
2003
2007
2012
2013
2014
2015
2016
2017
2019
2023
2024
2025

2004

Figure 4. Distribution of publications per year collated from 2000 to 2025.

The data obtained from this study consist of both qualitative and
quantitative data. Thus, the complete descriptions concerning the
implementation and how the data syntheses were performed are
given as follows: data related to RQ1 & RQ2 were structured in
a clear approach using various visual tools and various NVMMs
were presented in a tabular manner. While, RQ3 involving the
resultant functions and their limitations were identified using the
selected studies and presented in a tabular manner. The content
evaluation measures as presented in Table 6 were useful in con-
ducting data synthesis.

Figure 3 provides the number of literature according to the
type of publication, while Figure 4 shows the number of pub-
lications from January 1, 2000 to December 31, 2025.

Table 7 and Figure 5 provide the existing NVMMs with their
corresponding mixing variable and the visual description of the
existing NVMMs according to their respective citation count.
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Table 5: My multi-page table caption

S/N Title Author’s Year Study coun- Study objectives Data sources Data type Conditional/  Distribution ~ Key findings/remarks
name try baseline of the mix-
distribution ing variable

1. Bayesian in-  Pankaj Bhag- 2023 No specific =~ The study seeks  Theoretical con-  Simulation-  Multivariate =~ Mean- An efficient predic-
ference and  wat and Eric country or to evaluate both  struct  derived based and  normal dis-  mixtures tive distributions were
prediction Marchand region the frequentist ~ from mathemati-  functional tributions developed using the
for  mean- and Bayesian pre-  cal analysis mathe- Kullback-Leibler  fre-
mixtures dictive behaviour matical quentist approach for
of  normal for  multivariate objects the skew-normal as well
distributions NVMM and as generalized mean

also, derive mixture for multivariate

the Bayesian normal. A Bayesian

posteriors with plug-in  function
shows better predictive
accuracy [26].

2. Multivariate Erik  Hintz, 2022 No specific ~ The study provide 15 stock REIT  Multivariate ~ Normal Multivariate ~ The study results reveal
normal Marius country or a complete R  portfolio with  continuous variance- normal and  that the R package de-
variance Hofert, and region package named  data from the data. Em-  mean t distribu-  veloped provides wide
mixtures Christiane nvmix, this new  SP500  dataset  pirical mixture tions relevance especially on
in R: The  Lemieux package will be  from 2010-01-01  multivariate  distribution practical issues in the
R package design only for to 2012-12-31 datasets areas of quantitative
nvmix multivariate nor-  after deGARCH- and actuarial science

mal and student  ing at large. It provides
t distributions a better modelling of
and also, the multivariate  datasets,
package will and accommodates the
include  param- identified  distribution
eter estimation in the NVMM. Also,
techniques the Pareto and inverse-
Burr are embedded as
mixture the package
[15].

3. Normal Erik  Hintz, 2021 No specific ~ This study seeks  SP500 index ~ Multivariate ~ Multivariate ~ Student t  The study showed that
variance Marius country or to develop an  between 2007-  continuous normal distribution for effective and effi-
mixtures: Hofert, and region efficient compu-  01-03 and data. Em-  variance- cient evaluation of the
Distribution, Christiane tational technique 2009-12-31 (n = pirical mean functions, the random-
density and  Lemieux for the evaluation 755 data points  multivariate distribution ized quasi-Monte Carlo
parameter of joint density ind =5). The datasets (RQMC) techniques are
estimation and cumula-  dataset SP500 is statistically ~ efficient.

tive functions obtained  from Both the multivariate t

for the NVMM  the R package and normal cases were

distribution qrmdata used for this evaluation.
The study showed that
convergence is achieved
faster using the RQMC
for log density com-
putation.  Finally, this
estimation enables bet-
ter parameter estimation
[13].

4. Grouped Erik  Hintz, 2020 No specific ~ To identify an  Dow Jones 30  Multivariate =~ Multivariate ~ Copulas: The study reveals that
normal Marius country or  efficient compu- index from 1  continuous normal Grouped the RQMC methods
variance Hofert, and region tational algorithm  January 2014 to  data. Em-  variance- and un-  efficiently estimate the
mixtures Christiane for estimating the 31 December  pirical mean grouped t  distribution function

Lemieux cumulative and 2015 (n = 503  multivariate mixture copula as well as the copula
copula functions data points ob-  datasets function. The study also
tained from the suggest that even at high
R package qrm dimension the RQMC
data) remains efficient [14].

5. Anovel mix-  Mehrdad 2019 No specific ~ Inother to capture  Extrasolar Both Multivariate ~ Birnbaum- In fitting the exo-planet
ture model  Naderi, Wen- country or  asymmetry and  Planets En-  synthetic normal dis-  Saunders data using the proposed
using the  Liang Hung, region fat tail feature in  cyclopadia (simulation-  tribution (BS) distri-  distribution, the study
multivari- Tsung-I Lin, most multivariate (http://exoplanet.eu/) based) and (normal bution revealed that the new
ate normal and Ahad J. datasets, the study empirical variance- distribution outperforms
mean- Jamalizadeh proposes a mul- multivariate mean the multivariate normal
variance tivariate  NVMM datasets mixture) distribution. The study
mixture  of with a Birnbaum- showed that the pro-
Birnbaum- Saunders mixing posed distribution has
Saunders distributions fat tail properties and
distributions can accommodate skew-

and its ap-
plication to
extrasolar
planets

ness. The study also
showed that a closed
form distribution as well
as other properties exist
[17].
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and kurtosis

ratio in NVMM

6. Normal Farzane 2019 No specific ~ To present a new  Fire insurance  Both Multivariate  Lindley The result shows that the
mean- Hashemi, country or class of NVMM  claim data set,  synthetic normal dis-  Birnbaum- new distribution has a
variance Mehrdad region such thatthe Lind-  called beaonre  (simulation-  tribution Saunders closed form expression
Lindley Naderi, ley Birnbaum-  in the R package  based) and  (normal distribution as well as its moment ex-
Birnbaum- and Ahad Saunders dis-  CASdatasets and ~ empirical variance- pressions. The EM-type
Saunders Jamalizadeh tribution as the  Flood stage for  multivariate ~ mean algorithm provide better
distribution baseline dis-  two stations on  datasets mixture) goodness-of-fit in mod-

tribution  along  the Fox River in elling lifetime data when
with a Lindley  Wisconsin compared with existing
mixing variable. Birnbaum-Saunders dis-
Hence, the study tribution [16].

seeks to extend

the Birnbaum-

Saunders distribu-

tion

7. On the finite ~ Mehrdad 2017 No specific  To propose a  The study used  Both Univariate Birnbaum- Findings from this
mixture Naderi, country. new class of  aflowcytometric  synthetic normal Saunders study showed that the
modeling Alireza The study NMVBS-ARCH data and dataset  (simulation-  distribution distribution FM-NMVBS can ac-
via normal  Arabpou, is  purely model as well on flow cytome-  based) and commodate skewed and
mean- and Ahad univariate as its finite mix-  try in CC4-067-  empirical heavy tail datasets when
variance Jamalizadeh ture of NMVBS BM.fcs was em- univariate matched with the scale
Birnbaum- (FM-NMVBS) ployed datasets mixture  skew-normal
Saunders [18].
distribution

8. Mixture Mehrdad 2016 No specific ~ The aim of the  Flow cytometric =~ Both Univariate Lindley The NMVL-MIX is
of normal  Naderi, country. study is topropose  data: dataset on  synthetic normal distribu- proposed based on the
mean- Alireza The study a NMVL-MIX  flow cytometry  (simulation-  distribution tions NMVL distribution.
variance Arabpou, is  purely finite distribution.  in CC4-067-  based) and Results suggest that the
of Lindley and Ahad theoretical Also, some of its ~ BM.fcs was  empirical new distribution is char-
distributions Jamalizadeh properties will  employed univariate acterized by heavy tail

be derived and datasets and skewness. Simula-
parameters  will tion study indicates that
be estimated via its theoretical properties
an ECM maxi- are appropriate, while,
mum likelihood empirical findings show
methodology. that the distribution
Finally, the pro- is effective for cluster
posed distribution datasets [19].

will be compared

with N-MIX and

related  mixture

such as the skew-

normal scale

mixture

9. Aframework  P.J.deJongh 2015 No specific ~ The study seeks  Monthly excess  Simulation- Normal dis-  Normal Hence, the study es-
for normal  andlJ.H. Ven- country. to introduce new  returns series of  based and  tribution gamma, tablishes several forms
mean- ter The study class of error  the US stocks empirical normal of error distribution us-
variance is  purely  distribution  us- datasets inverse ing the following mixing
mixture theoretical ing the NVMM gamma, variables such as normal
innovations approach. This normal gamma, gamma, nor-
with  appli- will be a blend of inverse mal inverse Gaussian,
cation to both the mixing Gaussian, normal log-normal, and
GARCH distribution  and and normal normal inverse distribu-
modelling the normal error log-normal tions. The findings re-

distribution veal that there are pre-
dictive and tail similari-
ties amongst the classes
of distribution as regards
their error components
[20].

10. Variance- Olcay Arslan 2014 No specific  To formulate ~ Hourly average  Multivariate =~ Multivariate ~ Generalized ~ The multivariate skew-
mean  mix- country. a new NVMM  wind speed  continuous skew- inverse normal variance-mean
ture of the The study using multivariate  datasets and data (sim-  normal Gaussian mixture is developed
multivariate is  purely  skew-normal Australian  In-  ulation &  distribution distribution along with its density,
skew normal theoretical distributions stitute of Sport  empirical (variance- moment and charac-
distribution with generalized (Australian multivariate mean teristic functions. Key

inverse Gaussian athletes data) datasets) mixture of findings indicate that
multivari- the mixture accom-
ate skew modates skewness and
normal) heavy tails with superior
empirical fit compared
to the normal mixture
[8].

11. Normal Werner Hiir- 2014 No specific  To determine  Theoretical con- Symbolic, Normal Normal The result indicates
variance- limann country. that the squared  struct  derived  analyti- variance- tempered that the generalized
mean  mix- Purely skewness-to- from mathemati-  cal, and  mean stable, nor-  hyperbolic distribu-
tures (i) An theoretical kurtosis ratio does cal analysis functional mixture mal inverse tion includes both
inequality not exceed the mathe- Gaussian &  the log-normal and
between mixing variable’s matical variance- normal tempered sta-
skewness corresponding objects gamma ble mixture. For the

NVMM class, the result
establishes a general-
ized skewness-kurtosis
inequality [12].
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12. An al-  Olcay Arslan 2010 No specific ~ To revisit the  30-years Trea-  Both multivariate  Inverse Hence, a new alter-
ternative country. asymmetric sury bonds, synthetic normal gamma native multivariate
multivari- The study  Laplace dis-  Martin Marietta  (simulation-  distribution distribution Laplace distribution is
ate skew is  purely tribution and its  data, and 91 based) and  (normal developed. Simulation
Laplace theoretical generalizationand  monthly inter-  empirical variance- study indicates that the
distribution: derive some theo-  est rates of an  multivariate ~ mean distribution captures
proper- retical properties  Austrian bank datasets mixture) skewness better and
ties and of the distribution empirical datasets sug-
estimation gest better likelihood

fit compared to the
multivariate normal and
other forms of Laplace
distributions [9].

13. Variance- Olcay Arslan 2009aNo specific ~ To develop a new  Theoretical con- Synthetic Multivariate ~ Generalized A new class of mul-
mean  mix- country. class of NVMM  struct  derived  (simulation-  Kotz-type inverse tivariate Kotz-type
ture of The study using the Kotz-  from mathemati-  based) distribution Gaussian variance-mean mixture
Kotz-type is  purely  type distribution  cal analysis dataset (variance- distribution s developed along with
distributions theoretical as the baseline mean derived properties and

with  generalize mixture of special cases of the

inverse Gaussian multivariate distribution were also

as the mixture Kotz-type) identified. Lastly, using

variable both  simulated and
real dataset, the study
reveal slow decay in the
tail confirming it as a
heavy-tailed distribution
[10].

14. The skew  Olcay Arslan 2009 No specific  To develop an  Fibre-glass data  Empirical Skew ex-  Skew gen-  The result showed that
generalized t & Alil. Geng country. SGT distribution  and Martin-  multivariate ~ ponential eralized the developed SGT dis-
distribution The study using the scale  Marietta data datasets power t (SGT) tribution can accommo-
as the scale is  purely  mixtures as well (SEP) distribution date skew and fat-tail
mixture theoretical as examining if it distribution datasets. The 2 shape
of a skew can be obtained parameters control the
exponen- also from a gen- peakedness and tail, re-
tial  power eralized gamma spectively which high-
distribution variate light their roles in deter-
and its ap- mining the shape and be-
plications haviour of the new dis-
in robust tribution [27].
estimation

15. A new class  Olcay Arslan 2005 No specific ~ To develop new  Theoretical con-  Symbolic, Kotz-type Inverse A new class NVMM
of mul- country or  class of multivari-  struct  derived  analyti- distribution generalized is developed termed as
tivariate region ate NVMM using  from mathemati-  cal, and gamma the Kotz-type variance-
distribu- the Kotz-type  cal analysis functional distribution ~ mean  mixture  and
tion:  scale distribution as the mathe- several properties were
mixture  of baseline with in- matical study. The result indi-
Kotz-type verse generalized objects cate that the distribution
distributions gamma as the belongs to the elliptical

mixture variable family of distribution
which  include  the
multivariate t class [1].

16. The Laplace = Samuel Kotz, 2001 No specific ~ To reexamine  Theoretical con-  The type  Multivariate ~ Gamma The study revealed dif-
distribution Tomasz . country or the Laplace dis-  struct  derived  of data  normal dis-  distribution ferent forms of Laplace
and general- Kozubowski, region tribution and its  from mathemati-  considered tribution that arises as a result
izations: a  and generalizations cal analysis is both uni- (normal of the NVMM with
revisit with  Krzysztof in the context variate and  variance- gamma mixture. The
applications Podgorski of NVMM and multivariate mean new classes of distribu-
to commu- their performance continuous mixture) tion include asymmetric
nications, across  different data Laplace and generalized
economics, fields asymmetric Laplace
engineering, distributions [2].
and finance

17. The semi-  Lars Kor- 2000 No specific  To develop a  Theoretical con-  Synthetic Multivariate ~ Non- Key findings included
parametric sholm country or  semi-parametric struct  derived  (simulation-  normal dis-  parametric the development of an
normal region approach for  from mathemati-  based) tribution family of  asymptotic normal with
variance- NVMM by using  cal analysis dataset (normal distribution an efficient estimator for
mean a semi-parametric variance- the Euclidean [3].
mixture mixing  distribu- mean
model tion mixture)

ARCH - Autoregressive Conditional Heteroskedasticity; BS - Birnbaum-Saunders; deGARCHing - Standardizing data to remove the GARCH; SLR - Systematic Literature Review
GG - Generalized Gamma; EM - Expectation Maximization; ECM - Expectation Conditional Maximization; TLR - Traditional Literature Review;

FM-NMVBS - Finite Mixture Normal Variance-Mean Mixture Birnbaum-Saunders; GARCH - Generalized Autoregressive Conditional Heteroskedasticity;
MMN - Mean-mixtures of Multivariate Normal; MLR - Meta-Analysis Literature Review; NVM - Normal Variance-Mean;

NVMM - Normal Variance-Mean Mixture; NMVBS - Normal Variance-Mean Mixture Birnbaum-Saunders; NMVL-MIX - Finite Mixture version of the NMV;
NMVL - Normal Mean-Variance Lindley; RQMC - Randomized Quasi-Monte Carlo; SEP - Skew Exponential Power; SGT - Skew Generalized t;
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Table 6. Content evaluation measures.

S/N  Selected Study Description

1. Identification (ID) of bibliographic
details of the study, title, year of
publication, and source

2. Study type
3. Study emphasis
4. Data aspects
5. Methodology
6. Constraints
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Figure 5. Distribution of citation to existing normal variance-mean mixtures.

2.5. POTENTIAL THREATS TO THE REVIEW'S VALIDITY

This study identified two major threats that could affect the re-
viewers’ validity; these are (i) potential errors in data extraction
and (ii) publication bias. We addressed these issues as follows;
the reviewers adhere strictly to the search strategy as described in
the PRISMA diagram, Table 2, and Section 2.2. Another threat
was the tendency of ignoring relevant or related literature because
going through the titles, abstracts, or keywords alone might not
be enough. In addressing this particular threat, we physically
scrutinized the reference section of the shortlisted literature so as
to retrieve any relevant literature omitted during the main search.

3. RESULTS AND DISCUSSION
As shown in the PRISMA flow chart, the results are as follows:
PubMed (n = 1,390), Web of Science (n = 161), Google Scholar
(n = 317), Science Direct (n = 109), and Scopus (n = 611)
amounting to 2,588 records. Before the screening, 2,262 records
were removed from the total literature retrieved; out of the 2,262
literature, 2,071 were duplicates, 118 records were marked as
ineligible through the automation tools, and 73 records were ex-
cluded due to other reasons. While 326 records were subjected
to further screening, the screening of the 326 records was based
on both their title and abstract. Out of 326, 301 records were
excluded since they failed to meet the inclusion criteria. Fur-
thermore, the full text for the 25 records was retrieved and suc-
cessfully assessed; 9 records were later excluded due to certain
reasons. Finally, 16 records were then selected with an addition
of 1 report since it met the eligibility criteria.

All the selected studies were archived and organized using the

Table 7. Existing normal variance-mean mixtures with mixing variables and
sources.

Baseline/NVMM Distri- Mixing Variable Source

bution

General Normal General positive random  [6]

Variance-Mean Mix- variable

ture

Generalized Hyperbolic Generalized Inverse [4]

Distribution Gaussian (GIG)

Normal Mean Mixtures Normal Distribution [26]

Multivariate Normal Multivariate Normal and  [15]

Variance Mixture in R Student ¢

Grouped Normal Vari- Copula: Grouped and [14]

ance Mixture Ungrouped ¢ Copula

Multivariate Kotz-Type Exponential [2]

Distribution

Normal Variance Mix- Student ¢ [13]

ture

Multivariate Skew Inverse Gamma [9]

Laplace Distribution

Normal Variance-Mean Normal Tempered Sta- [12]

Mixture ble, Normal Inverse
Gaussian,  Hyperbolic
Variance-Gamma, and
Hyperbolic Skew ¢

Multivariate  Variance- Birnbaum-Saunders [17]

Mean Normal Distribu-

tion

On Finite of Normal Birnbaum-Saunders [18]

Variance-Mean

Normal Variance-Mean Normal Gamma, Normal [20]

Mixture Innovation Inverse Gamma, Normal
Inverse Gaussian, and
Normal Log-Normal

Variance-Mean Mixture Extended Generalized [10]

of Kotz-Type Distribu- Inverse Gaussian

tions

Mixture of Normal Lindley Distribution [19]

Variance-Mean

Variance-Mean Mixture Generalized Inverse [8]

of the Multivariate Skew Gaussian

Normal

Skew Generalized ¢t Dis- Skew Exponential Power [27]

tribution as Scale Mix- Distribution

ture

Scale Mixture of Multi- Inverse Generalized [1]

variate Kotz-type Distri- Gamma

butions

Variance-Mean Mixture Weighted Gamma [28]

of the Multivariate Nor-

mal

Semi-Parametric Normal ~Non-parametric Family [3]

Variance-Mean Mixture
Model

of Distribution

Mendeley reference manager for effective screening, tracking,
and better citation management.
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3.1. AN OVERVIEW OF SELECTED STUDIES

The variance-mean mixture approach termed as NVMM im-
proves the robustness of the multivariate normal distribution as
regards its tail behaviour [26]. Using simulation, Ref. [26] pro-
vided the Bayesian estimation methods for their newly developed
skew-normal mean mixtures using an unknown location param-
eter within the skew-normal distribution.

A new nvmix R package for NVMM was developed by Ref.
[15]; the package was meant to improve computational accu-
racy and reduce the time taken to return results. The authors
use both simulated and financial datasets to implement the like-
lihood inference away from using Gaussian and Student-¢ distri-
butions; the new package effectively supports numerical density
evaluation, distribution functions, and estimation for models us-
ing Pareto and inverse-Burr distributions as mixtures. As part
of the new methodological advancement in the NVMM frame-
work regarding computational efficiency, Ref. [13] provided a
randomized quasi-Monte Carlo algorithms for estimating the pa-
rameters of the distribution function, and their study showed im-
provement in computational speed and accuracy using a high
frequency financial dataset. Ref. [17] developed new classes
of multivariate NVMM using the Birnbaum-Saunders mixture
variable and applied it on an extra-solar planet dataset which
is characterized by asymmetric properties. To enhance the ro-
bustness of the NVMM distribution, Ref. [16] introduced the
Lindley Birnbaum-Saunders distribution. In evaluating the flex-
ibility of the tail, the authors employed both hydrological and
insurance datasets. The new distribution achieves a better fit
compared to classical mixtures. In handling cluster and skew
datasets, Ref. [18] developed new classes of NVMM using the
Birnbaum-Saunders distribution called the NMVBS. The new
distribution shows robustness to skewness and heavy tails using
real-life datasets in cytometry.

A Lindley variance-mean mixture distribution was developed
to handle cluster datasets [19], which is a progression from the
study of Ref. [18]; the authors used cytometry data as well as
simulations in evaluating the tail heaviness of the distribution.
The distribution shows significant robustness in handling cluster
datasets. As a means of developing new error terms for GARCH
models, Ref. [20] developed improved error terms using the nor-
mal variance-mean mixture by adopting different mixing vari-
ables such as normal-gamma, log-normal, and normal inverse
Gaussian; their results indicate that the NVMM is robust enough
to propose new classes of error terms. Both simulation and real
datasets indicate significant model robustness to volatility in fi-
nancial markets. The multivariate skew-normal was used to ex-
tend the multivariate normal within the variance-mean mixture
using a generalized inverse Gaussian mixing, and properties such
as moments and characteristic functions were developed [8]. The
study showed that the likelihood estimation of the new class out-
performs the classical skew-normal distribution. An inequality
function that connects both the skewness and kurtosis within the
NVMM was developed, showing that the squared skewness to
kurtosis ratio is bounded by that of the mixing distribution [12].
An alternative multivariate skew Laplace distribution was de-
veloped through extending the NVMM with inverse gamma as
a mixture variable [9]; simulation studies and real-life datasets
show that the new distribution has more tail robustness.

Hence, in proposing the multivariate Kotz-type variance-mean
mixture with a generalized inverse Gaussian mixing variable,
Ref. [10] developed a more rigorous distribution that provides
more robustness compared to the Kotz-type distribution. While
Ref. [1], also using the multivariate Kotz-type variance-mean
mixture, used an inverse generalized gamma distribution as a
mixing variable to develop new classes of multivariate distribu-
tions. In extending the multivariate Kotz-type distribution using
the gamma distribution as mixing variables, Ref. [2] obtained a
multivariate generalized asymmetric Laplace distribution, which
generalizes the multivariate asymmetric Laplace. Lastly, Ref.
[3] developed a semi-parametric NVMM using a mixing variable
that is from a semi-parametric distribution. The author’s semi-
parametric NVMM showed significant performance compared to
some NVMM distributions as identified in the study. The study
also showed that the semi-parametric form of NVMM could be
used for complex datasets such as clustered units.

3.2. EXISTING VARIANCE-MEAN MIXTURE
REPRESENTATIONS AND MIXING RANDOM VARIABLE
(RQ1 & RQ2)

Table 7 and Figure 5 provide an organized synthesis of existing

variance-mean mixtures with their corresponding mixing distri-

butions which answers RQ1 and RQ2. These facts reveal that
multivariate NVMMs dominate the literature, along with gen-
eralized inverse Gaussian, gamma, inverse gamma, generalized
inverse gamma, Lindley, and Birnbaum-Saunders serving as ba-
sic mixing functions. The review showed that studies such as
Refs. [1, 8, 13, 14] revealed that the type of mixing variable
used defines and governs the tail heaviness, computational fea-
sibility, and skewness, thus influencing the fundamental proper-
ties of the NVMM employed. Theoretical studies comprehen-
sively point out generalized inverse Gaussian, extended general-
ized inverse Gaussian, generalized inverse gamma, and inverse
gamma as well as Birnbaum-Saunders mixtures as the most used
mixing variables and multivariate normal and Kotz-type distri-
butions as the most used baseline functions in the variance-mean
mixture representation, while estimation is mostly done using

EM, RQMC algorithms, and the nvmix package highlighting

efficiency and applicability in computation. The result further

shows growing research concentration after 2014 (see Figure 4),

signifying increasing methodological interest in developing flex-

ible mixing structures. Conversely, the study synthesis further re-

veals that most NVMMs depend on moderate heavy-tailed mix-

ing distributions, with limited exploration of extreme-value dis-

tributions, implying concentration is around classical mixtures,
restricting focus on mixing variables with extreme variability.

3.3. RESULTANT FUNCTIONS AND THEIR LIMITATIONS (RQ3)
Collectively, the overview and Table 7 address RQ3 by sum-
marizing the resultant functions obtained from the formulations
and their associated limitations within each study’s findings.
For instance, Arslan (2010, 2014) and Arslan (2009a) devel-
oped closed-form densities, characteristic functions, and mo-
ments concerning skew Laplace, Kotz-type, and skew-normal
NVMMs, while Hintz et al. (2021, 2020) proposed copula func-
tions and efficient density estimation using the RQMC algorithm
and nvmix package for R software. In the same way, Naderi
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et al. (2019) and Hashemi et al. (2019) derived the ECM/EM
based estimation techniques which seek to improve model fitting
exhibiting heavy-tailed properties. Despite all these progresses,
this review shows that resultant functions ultimately depend on
classical mixing variables (see Figure 5 and Table 7), restricting
tail extreme features. Several distributions offer little or no ro-
bustness to extreme variability situations, particularly in the area
of pharmacokinetic (PK) research where drug concentration data
exhibit high volatility implying extreme drug absorption or elim-
ination. Accordingly, the review synthesis depicts the need for a
robust NVMM framework that incorporates extreme-value mix-
ing variables in achieving more robust resultant functions and
enhanced predictive performance in pharmacological modelling
across heterogeneous groups.

3.4. RESEARCH GAPS IDENTIFIED

The SLR revealed that existing NVMM studies have consid-
erably improved multivariate distribution theory by integrating
various mixing functions (see Table 7). The selected studies
reliably exhibit enhanced tail flexibility for skewness, heavy-
tailed features, and computational efficiency using the follow-
ing estimation techniques: RQMC algorithms, EM/ECM, and
Bayesian estimation approaches. Though the study outcomes
showed that most selected studies highlight moderate heavy-
tailed mixing functions and applications in the following areas:
biomedical/pharmacology, finance, engineering, general multi-
variate modeling, etc., with limited emphasis on extreme value
phenomena which characterizes PK data. Furthermore, there is
a high concentration of NVMM advances around classical mix-
tures conducted by dominant researchers, progressing method-
ological continuity rather than innovation in extreme-value mix-
ing. Thus, a major gap emerges due to the dominance of moder-
ate heavy-tail mixtures rather than extreme-value functions, par-
ticularly Fréchet-type density, into the NVMM so as to accom-
modate outliers/high volatility patterns. This review gap indi-
cates and suggests the development of more robust multivariate
skewed heavy-tailed NVMM models which are capable of ac-
commodating extreme variability especially in drug concentra-
tion as well as treatment response data.

3.5. STUDY LIMITATIONS
3.5.1. Exhaustiveness

While we have conducted a comprehensive review and search
strategy employing various databases which includes PubMed,
Scopus, Web of Science, ScienceDirect, and Google Scholar,
completeness cannot be assured. The PRISMA chart displays
2,588 retrieved resources which were further reduced to seven-
teen (17) studies using eligibility criteria and quality assessment,
respectively signifying rigorous filtering; hence, highlighting
possible exclusion of relevant and related literature on NVMM.
Both the search query and data synthesis enhance coverage. Still,
only studies published in English are included, our time frame
only includes literature within January 1, 2000 to December 31,
2025, and dependence on indexed electronic databases limited
search completeness which possibly might exclude unpublished
or emerging theoretical contributions in NVMM studies.

3.5.2. Biasness in publication selection

In this review, publication bias is a possible constraint since se-
lected studies are mainly peer-reviewed and exceedingly cited
NVMM studies (see Figures 3 and 4). Concentration of these
studies in a specific timeframe in the quest of focusing on recent
literature may suggest bias. Non-English studies, low assessment
scores, and grey literature were excluded.

3.5.3. Data synthesis

Different electronic databases for literature resources in the nor-
mal variance-mean mixture framework and related probability
distributions were sorted so as to search out and identify studies
capable of answering our RQs. We conducted data synthesis us-
ing several criteria. Nevertheless, it is important to note that this
study cannot guarantee that these measures are fully sufficient in
undertaking this section.

4. CONCLUSION

This systematic review focuses on methodological advancement
in probability theory, particularly the NVMM family of distribu-
tions, highlighting their flexibility and robustness in developing
new multivariate distributions emphasising the variance-mean
representation. This review has been able to show that NVMM
has different forms such as the variance Gaussian mixture, mean
mixture, variance mixture, and variance-mean mixture represen-
tations; but, even more so, these various forms of stochastic rep-
resentation have been advanced through rigorous theoretical de-
velopments. It can be deduced from this review that NVMM is
highly useful in various areas such as finance/insurance, health
and biomedical studies, engineering, and ecology. Though this
review placed more emphasis on the variance-mean mixture rep-
resentation compared to the other forms of stochastic represen-
tations, our review shows that the variance-mean representation
extends the classical normal distribution as well as other classi-
cal elliptical distributions into more heavy-tailed families which
are capable of capturing asymmetric behaviours. Nevertheless,
this study review exposes critical limitations existing within the
NVMM formulations; in particular and key is the reliance on
mixing distributions that induce only moderate tail behaviour.
This constraint is particularly problematic in settings character-
ized by extreme variability/outliers, a nature of heavy tails that is
critical. In providing a solution to the identified gap, this study
review establishes a strong and clear motivation for developing a
new distribution with the NVMM framework using an extreme-
value distribution. Finally, incorporating the Fréchet distribu-
tion (one and two parameter) into the multivariate normal and
Kotz-type distributions will emerge as a sound theoretical ad-
vancement in the NVMM framework offering enhanced densi-
ties in modelling pharmacokinetic processes exhibiting extreme
variability and skewness.

DATA AVAILABILITY
The data will be available on request from the corresponding au-
thor.
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